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Abstract

This paper proposes a computationally efficient algorithm for pure exploration in linear
bandits by leveraging sampling and argmax oracles. Given a set of arms Z C R%, the pure
exploration linear bandit problem aims to return arg max.cz z ' 6, with high probability through
noisy measurements of z ' 0, with z € X C R?. Existing (asymptotically) optimal methods scale
in the size of | Z| by requiring either a) potentially costly projections for each arm z € Z or b)
explicitly maintaining a subset of Z under consideration at each time. In general, computing
projections may be computationally expensive, and maintaining a subset of Z may be unfeasible
in many combinatorial settings. Our approach overcomes both of these limitations by resorting to
sampling from an appropriate distribution over possible parameters combined with access to an
argmax oracle. In this vein, it enjoys a similar computational efficiency of Thompson Sampling.
However, unlike Thompson Sampling, which is known to be sub-optimal for pure exploration,
our algorithm provably guarantees an exponential convergence rate with the exponent being
the optimal among all possible allocations asymptotically.

1 Introduction

The pure exploration bandit problem considers a sequential game between a learner with two set of
arms X, Z C R? and nature. In each round, the learner chooses an arm x € X’ and observes a noisy
stochastic reward y = 210, + ¢ where 0, € O is an unknown parameter vector and € is assumed
to be i.i.d Gaussian noise. The goal of the learner is to identify z, = argmax.cz 2 ' 6, with high
probability in few measurements. The case of X = Z is a natural case to consider, and has enjoyed
a fair amount of attention [29] O] [7]. Notably, these algorithms share a common trait - complexity.
Each necessitates the resolution of convex programs at every iteration. Consequently, it prompts us
to question: is such complexity indeed indispensable for reaching asymptotic optimality?
Maintaining our focus on the specific instance where X = Z, we note that the pure-exploration
task can be addressed using any readily available regret minimization algorithm. That is, if an
algorithm generates a series of plays {z;}7_, such that max,cx ZtT=1<9*, x — x;) < dv/T then this
immediately implies that Z7 drawn uniformly from the set {x;}7_, is equal to . = arg max,ex (, 0.)
with constant probability as soon as T' > d?/AZ. . where Ay, = mingex a0, 0] (z* — z). One
popular regret-minimization algorithm is Thompson Sampling (TS). Following its re-emergence from
nearly seven decades of relative obscurity, it has rapidly ascended to become the most prevalently
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applied bandit algorithm in practical scenarios, as per the industrial experience of the authors. We
postulate that its popularity is due to (1) its simplicity to implement, (2) its flexibility to encode
side-information in its prior, (3) its computational efficiency, and (4) strong empirical performance.
The algorithm works by maintaining a distribution p; over © given all observations up to the time
t, and then plays z; = arg max,cx(x,0;) where 0, ~ p;. Once y; = (x4,0,) + € is observed the
distribution is updated and the process repeats. Unfortunately, TS is known to be sub-optimal for
the pure exploration linear bandits problem due to its greedy exploration strategy. Indeed, there
exist instances of X and 6, for which the sample complexity of TS to identify the best arm scales
quadratically in the optimal sample complexity achieved by other algorithms [29]. Even for regret
minimization, it is know that TS is far from optimal from an instance-dependent perspective [I7].
But yet, due to its many favorable properties it is still the go-to algorithm in practice.

This paper has a simple but ambitious goal: make an algorithm that is (1) as easy to implement,
(2) as flexible to encode side-information, and (3) as computationally efficient as Thompson sampling,
but match the asymptotic optimal sample complexities of the best pure exploration algorithms.
We achieve this goal by not striving too far from the Thompson sampling algorithm itself. In fact,
our proposed algorithm can be viewed as a generalization of Top Two Thompson Sampling for
the standard multi-armed bandit game [26] to the richer linear setting. We maintain a sampling
distribution p; centered at (Z (a regularized least squares estimator computed after ¢ samples), and
repeatedly sample 6; ~ p, until argmax.cz(z,0;) is distinct from z; = arg maxzeg(z,@g>. Once
such a 0; is found, we updated an online learner maintaining a distribution over X with rewards
g := ||6y — 04]|2 +. At each time we sample an z; from the distribution maintained by the online
learner. We prove that P(Z; # z.) decreases at an exponential rate, with an optimal exponent among
all possible fixed budget allocations.

1.1 Problem Setting and Notation

We first define the linear bandit setting. Let X, Z € R? be two sets of arms and © C R? be the
parameter space. At time ¢, we draw an action z; € X, and receive the reward y; = x 0, + ¢; where
0. € © and ¢; is i.i.d. Gaussian noise. The choice of arm z; at time t is dependent on the filtration
generated by {(z,,ys)}._}; furthermore, we denote the probability law determined by this filtration
be ]Pg.

Goal: We are interested in the best-arm identification task, i.e. we would like to find z, :=
arg max,cz z ' 0, with high probability, while minimizing the number of measurements taken in X.

We make the following assumption on the parameters that we will discuss further in Section

Assumption 1. O is closed, and bounded, with a non-empty interior.

Assumption 2. Assume that max, ||z||, < L.

Assumption 3. Assume that span(Z) C span(&X’) and the optimal arm z, € Z is unique.
Notation. For any matrix A € R"*", we define the norm |z||% := 2" Az. Given a set S, we
define the simplex Ag = {\ € Rg : Zi‘i‘l Ai = 1}. Finally, given a (multivariate) normal
distribution NV'(,~7!) on R¢ and some set ©, we define the truncated normal distribution, denoted

as TN(0,X71;0), to be the normal distribution restricted on ©. For some A\ € Ay, we define
AN) = cx Azzz . We define Aoy := max,ecy maxg,g'co |zT(6 — 0")|. In some round ¢, we



define (9; = 1/;:%5,5,1 where V; = Zi:l xsx;r and S; = Zi:l TsYs- We define the constants used in
the algorithm as C3 ¢ = Apax + L?/dlog(T;¢?). The precise definition is in the Appendix.

2 Motivating Our Approach

Among all adaptive algorithms, it is known that for every 6, € © there exists a A € Ay such that
sampling x1,x2,... IID from A\ achieves the optimal sample complexity in the fixed confidence
setting [29] [9] [7], in which we would like to find an arm with probability 1 — § of being optimal given
a confidence level §. Specifically, for any © C R% and X, Z C R? define
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where @ = {0 €©:3z¢€ Z, 276 > 2] 0}. Then it is known that to identify z, with probability at
least 1 — §, the expected sample complexity of any algorithm scales as (7*)~1log(2.4/6). Moreover,
sampling according to the A that achieves the maximum, when paired with an appropriate stopping
time, achieves the optimal sample complexity asymptotically. As our setting is more naturally
analyzed in the so-called fixed budget setting, we next state a result that can be viewed as a
generalization of the result of [26] originally stated for the multi-armed bandit setting. Note that
this is not a lower bound for the fixed budget setting, since we only allow fixed A not adapting to
the observations.

Theorem 2.1. Fiz © = R? and any 0, € ©. For some X\ consider a procedure that draws x1, . . . , T~
A, then observes yr = (x4,0.) + € with e, ~ N(0,1), and then computes Zr = arg max,cz(z, )
where O = arg mingeco 23:1 lye — (0, 2:)||3. Then for any X € Ax we have

limsup—l log (Pg*mw,\(?;p + z*)> <T*.
T—o0 T

The quantity 7* is naturally interpreted from a hypothesis-testing lens. Given a fixed sampling
distribution A, note that E, xKL(N (0 z,1)[|N (0] z,1)) = 1[0 — 0.]%(n)- Thus the min-max
problem above aims to construct the distribution A which maximizes the smallest KL divergence
between # and any alternative with a different best-arm. As noticed by many authors, this can be
translated into a game-theoretic language. The max-player chooses a distribution over the set of
possible measurements X’. At the same time the min-player chooses an alternative § whose best arm
is not z, in an attempt to fool the A-player. This lower bound intuitively suggests a strategic course
of action for algorithm designers: devise a sampling method that ensures the resultant allocation
aligns with the aforementioned objective.

In this pursuit (discussed extensively in related works, Section [4]) this game theoretic perspective
has been directly exploited by several works in the past to give asymptotically optimal algorithms.
The approaches of these works differ in detail but are similar in spirit and are motivated by the
following oracle strategy that has access to 6,. At each time, the max-player utilizes a no-regret
online learner, such as exponential weights [3], to set A;11 based on an estimate of the best-response
of the min-player, namely mingeec_ 1o — 9*||124()\t). This guarantees that

T

1 . 2 1 . 2
7 max min (19 =050 — 7 ; i (19 =01, < ol1)



which by a standard Jensen’s inequality argument is sufficient to ensure that % 23:1 A is an
approximate solution to the original saddle point problem. Then, the arm z; pulled is sampled from
A+ at each time (or a deterministic tracking strategy is used).

The main computational challenge in this approach is that obtaining the best-response can be
rather involved. The alternative set can be decomposed as a union of intersections of a convex
set with a halfspace: ©f = U... ©N{6 € R?: 270 > 2T0}. Thus computing the best-response
involves computing |Z|-many projections onto convex sets. For small values of | Z|, this may be
feasible. However, if |Z| is large or the projection step is very expensive, this computation may be
onerous. We remark that several recent works have explored eliminating subsets of Z which can not
potentially contain the best-arm [9, [3T], 34]. However this still leads us to our fundamental question,
“Is there an algorithm that is asymptotically optimal which does not need to explicitly maintain Z
and avoids projection?” We now answer this in the affirmative.

Our method is based on the following equivalent formulation of 7*. By linearizing the min over
alternatives with a distribution over ©f , we can apply Sion’s minimax theorem:

. 1 2 . 1 2
s B 5100 = iy By [510 -0 )

1 2
= i Eop | = ||0 — 6. y
i Bay [310- 0.0

where A(©¢ ) denotes the set of distribution over the alternative set ©f . This replaces the
projections with an expectation over a distribution on ©¢ At first glance, the situation may
seem worse - we have gone from finitely many projections to needing to maintain a distribution
over a potentially infinite set! However, for a minute imagine that © is finite and that we solve
this saddle-point problem by maintaining a no-regret learner for the max-player as before, while
similarly maintaining a no-regret learner for the min-player. Standard results in convex optimization
guarantee that the average of the iterates of the two learners converge to a saddle point eventually
[22]. To be more precise, at each round ¢ we draw an x;, ~ A, and feed the (stochastic) loss
29692* Prolld — &Hitm: to the learner for the min-player. Assuming the min-player learner is
exponential weights, then the update is

—n\la*—a\litz; ~ e*nH@w@Hng:l T
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where 71 is an appropriate step-size. Hence, the resulting distribution p;}; . is reminiscent of
the probability density function of a multivariate normal distribution N (6., 77_1(22:1 roxl)™h)
restricted to ©F .This observation motivates our algorithm - for the min-player we maintain an
appropriate normal distribution and at each round, use samples from this distribution to generate
a stochastic loss to feed the max-player. This approach avoids explicitly maintaining Z or ever
needing to compute a projection! Of course, this discussion has relied on knowledge of 0, and z,. In
the next section, we explain how our algorithm, PEPS, overcomes these restrictions.

3 Best Arm Identification Through Sampling

Our main method PEPS is presented in Algorithm Given a budget of T samples, we re-
peatedly sample 6; ~ p; until the best-arm of argmax,cz z'6; is not our current best guess



Algorithm 1 Pure Exploration with Projection-Free Sampling (PEPS)

Input: Finite set of arms X € R%, Z C R¢, time horizon T, 7, e
1: Define \¢ = argminyea, max,cx ||w||?4(i),1, A = ﬁl
2: Initialize Vo = I, Sp =0, p; = N(0, Vp), 01 arbitrarily
3: fort=1,2,---,T do
4: Yt = t—«
5. //Top Two Sampling
6: Compute z; = argmax 210,

zZEZ
7. repeat
8: Sample 0; ~ p;
9: until argmax,cz 2! 6, # %, equivalently 0, € 0%,

10:

11:  //Take Sample and Observe Reward

12:  sample x; ~ \; where \; = (1 — v.)\s + 1A

13:  Observe y; = (0., z;) + € where ¢, ~ N(0,1)

14:  Update V; = Vi1 + 2], S; = Sy_1 4+ z4ys, and O, = V1S,
15:

16: //Update Sampling Distributions

~ 2
17:  Update Aipq1 o< Ae™9¢ where gy, = HGt — 0, . Nre X
rxr
18:  Update pyy1 = N(Oppr,m, Vi)
19: end for
20: repeat

21:  Sample 6 ~ N(§T+1, Vit
22: until § € © ~
Output: argmax,cz z'6

Z; = arg maX,c z zTé\t. We then sample an x; ~ S\t where 5\,5 is the distribution A\; maintained by the
A-learner at time ¢ mixed in with a diminishing amount v, of the G-optimal distribution A“. After
playing x; and observing a reward y;, PEPS updates both the A\; and p; learner. Algorithm [1| depends
on a finite time horizon T'. To ensure that our algorithm is anytime and eventually converges to the
optimal sampling scheme, we employ an outer loop Algorithm [2] utilizing a doubling scheme. Before
we explain the theoretical guarantees of this procedure, we first detail some of the aspects of the
algorithm.

Updating the sampling distribution for p;. Our main innovation is introducing a distribution
over 921, from which we can sample over. We set p; = N (Gt,antill), and as described utilize
rejection sampling to keep sampling a 6; until 6; € ©F . Denoting by pt(G)gxt) the distribution of 6,
ey . . . . . . ~ —1

we see that it is a truncated normal distribution with support ©% , i.e. p(©% ) = TN(0;,1,V,—; 0%,)
I4].

Following the discussion in the Section[2] it is tempting to see this update as a form of continuous
exponential weights [3]. However, this is not quite true since the underlying action set 0F, is
changing each round. Note that similar to previous works, we could have maintained a learner for



Algorithm 2 Doubling trick

Input: Finite set of arms X C R?, Z C R¢
1: for[=0,1,--- do

. YA o log | X| o dlog(T;Cs,¢) o
2: SetTg—Q,n>\—1/C§lTe,np—1/70§sz ,a=1/4

3:  Zg =PEPS(X, Z, Ty, nx,Mp, @)
4: end for
Output:

each z € Z [7]. However, our approach of maintaining a distribution and then restricting it to the
considered action set each round prevents the need for this additional complexity of enumerating Z.

From the perspective of exponential weights, 7, is a step size: the dependence on d in the
numerator comes from the dimension of ©; and C’g’z is an upper bound on the stochastic loss

16 — é\tllitwj— that we guarantee with high probability due to forced exploration and boundedness of
t
0.

We have the following regret guarantee:

Lemma 3.1 (informal). In round Ty of epoch ¢ of Algom'thm@ we have with probability greater
than 1 —1/02,

< O(dv/Ty log(LTy))

2
| oo,

Tg R
ZE%M@‘;*) [HQ — O
t=1

Finally we remark that sampling from truncated univariate or multivariate normal distributions
is a well-explored practice across statistics and machine learning. A variety of efficient methods such
as Gibbs and rejection sampling procedures are available for this purpose and we refer to [8) 23] [20].

Update for )\;. To update \;, which corresponds to the action of our max-player, we employ
an exponential weighted learner (Hedge) over the set of actions X'. The reward vector g; € RI¥

2
is stochastic with expectation Eg, , = E@pr(@c 0 — 0,

Tx
t—1

algorithm {(zs, ys, 95) .—1, and is bounded in hlgh probability. We show that if we choose the
mixing amount o = Z and let Amax be an upper bound on the loss function, we have the following
regret guarantee:

conditional on the history of the

Lemma 3.2 (informal). In round T; of epoch £ of Algorithm@ we have with probability greater
than 1 —1/02,

2 T .
Bocnios, [0 =0y~ 3= Bovnosy [0 -0 B Trlog ).
)\Heli);z O~p:(© 0 Ay ; O~pi(© 0 A <0 \/(d+ ax) T log ¢

Forced Exploration with G-optimal Design. To ensure adequate sampling in all direc-
tions, in each round we mix in some amount of the G-optimal distribution, denoted as \CG =
argminyea , MaxXgey ||IH,24(,\)—1- This ensures that max,cx ||0; — 0|47 is bounded for any 6 € ©
and Zz; is eventually z, with probability 1. The rate at which the mixture of this distribution decays



as t~%, for any 0 < o < 1/2, so it has no effect on asymptotic performance. We note that thanks to
the implicit anti-concentration properties of sampling 6; from a multivariate Gaussian, this step is
probably unnecessary and just an artifact of the analysis.

Argmax Oracle One advantage of our approach that is most reminiscient of Thompson Sampling
is the calculation of Z; at the start of each epoch using a sample from the distribution N (6, Ny 1‘/;:11).
In practice, if we have an efficient arg max-oracle, this calculation can be computationally efficient
and does not require maintaining Z. By exploiting arg max oracles, we can tractably solve problems
like shortest-path and matchings, even in settings where |Z| is super-exponential in d [I4].

Doubling Trick As presented, the regret guarantee for Ay and p; requires fixed step sizes 1y, 7.
To overcome this need for a fixed step size, we use a doubling trick, we restart the algorithm every
2¢ samples [28]. We believe the use of the doubling trick is purely a theoretical restriction and a
more careful analysis could provide an anytime algorithm with no restarts.

3.1 Theoretical Guarantees

Our main result is the following guarantee on Algorithm

Theorem 3.3. With probability 1,

. 1 o~ «
515& -, logPorr, (Ze # 24) =77

where 7y 1= N(§T2,VT;1_1) restricted to ©.

Thus our algorithm guarantees that asymptotically the probability that we do not identify the
optimal arm decays at the rate of e=77", with 7* being the optimal exponent as given in Theorem
Such guarantees on the probability of a sampled arm are similar to those in the Bayesian best-arm
literature, namely [26] [IT]. In these works, a posterior distribution is maintained and they guarantee
that the posterior probability that a non-optimal arm is sampled converges at an exponential rate,
with the best possible exponent among all allocation rules. We provide a similar guarantee here for
linear bandits. We provide a small sketch of the proof now. A full proof will be provided in the
Appendix.

Proof sketch. We say that a,, = b, if %log(an/bn) — 0 as n — 0o. We focus on a fixed round ¢ of
Algorithm [2| Using the fact that the expectation of the empirical log-likelihood ratio (conditioned
on the data collected) between 60, and some 6 € O is the KL divergence between them, we can show
using a Laplace Approximation

R ) e 1 2
Pomr, (Ze # 24) = exp (_TZGEI%E*2 16— H*A(eT()) :



_ T, . _
where ér, = 7{ 121 €q,. Letting pr, = T[ Zt 1 Pe(©5%,), we have

B, |0 =0 |~ min Eoy |- 0]
o W[t PR A R

g 9| 1 [E o_a
- HA(,\JTM; 9”’”(9%)[” -

A(/\t)]
(regret for max learner)

= —_— IE ~ c ‘
max TEZ o~pi(r, [

1 & 12
PR s [
¢ t=1

T} (error when z; # z.)
T

1
- = 1nf |6 — 0. ||V (regret for the min learner)
Tex] T,

The regret guarantees for A and p’s in Lemmas [3.2] and [3.1] ensure the first and third sum are o(1)
and so go to 0 as Ty — oo. The fact that p,(©%,) is equal to p;(©3,) for large enough ¢, ensures

that the middle term similarly goes to 0. Combining all terms and the fact that §t is close to 6,
guarantees that for any € > 0 there is a sufficiently large ¢ such that

2 . 2
19 Bavp, (10 =0l = suin Bow |10, — Oy, | < €

C . 2 . 2 .
which implies that 9é%fc 1116 — 9*||A(6T£) > maxyea, Mipeaoc ) Eonp [HG* =04 } — €. Since
the first term on the right-hand side is 7*, we have shown that 1nf 16— 0. ||A(eT )y = 7" — €. Since

by definition 7* > giréf 11160 — H*HZ(éT )» choosing € — 0 concludes the proof that
€os, ¢

~ . . 1 2 *
Poror, (Ze # 24) = €xp <_T£eérc})fg* 3 |0 — 0*||A(6T2)> = exp(=T,7").
O

Remark: Stopping times. Note that we are not providing a guarantee on the expected stopping
time for any finite §. Existing asymptotically optimal approaches which guarantee a finite stopping
time in high probability, e.g. [7], utilize a generalized log-likelihood-ratio test of the form

0 —Oillv, > B(t,0
max join 16— Bllv: > B(t.0)

where 8 (t §) = O(y/dlog((T + [|0]|]2)/6)) is an anytime confidence bound controlling the deviations

of |6 — 9t||Vt [I]. As a result, they can guarantee that their algorithms saturate the lower bound
for an expected stopping time, i.e. limsup,_,. E[rs]/log(1/§) < (7*)~!. Unfortunately, this
GLRT stopping rule itself requires a projection onto each element of Z. We leave it as an open
question whether an algorithm can be developed which is asymptotically optimal, requires no explicit
projection, and has a finite expected stopping time in high probability.



Remark: Bounded assumptions on ©. We recall that we assume O is closed and bounded.
The boundedness assumption is needed since we would like to control that for each § € O, the
rewards " 6 to be bounded for all arms = € X, which is used in our analysis of the regret of each
learner. Learning algorithms such as AdaHedge [5] avoid the need for bounded rewards and we leave
it as a future research direction to remove this condition.

4 Related Work

Pure Exploration Linear Bandits The pure exploration linear bandit problem was introduced
in the seminal work of Soare et al [29]. In recent years, there has been renewed interest in this
problem due to its ability to capture many best-arm-identification and pure exploration settings.
Following the experimental design approach first considered by [29], several different algorithmic
frameworks were considered [30, [33], [13].

Oue of the first algorithms to achieve matching instance-optimal upper and lower bounds (within
logarithmic factors) for the case of R? was by [9] and depends on an elimination scheme. Shortly after,
several works proposed asymptotically optimal algorithms. The first of these methods utilized the
track and stop approach given in [10], which fully solves the 7* objective of Equation [1|using a plug-in
estimator 92 at each round. Due to the computational difficulty of this, several works proposed
alternatives that iteratively updated the sampling distribution in each round. This includes the
game theoretic viewpoint we utilize first proposed by [7, [6], and a novel modification of Frank-Wolfe
by [32]. Other works have augmented these approaches by providing elimination schemes to reduce
the set of alternative Z that need to be considered each round. [34] proposes a hybrid approach
combining the elimination from [9] and [7] to remove the condition that © needs to be bounded. [31]
provide an elimination approach where they carefully exploit properties of Z. Finally, we mention
that the pure exploration problem has also been considered in the generalized linear bandit (logistic)
settings in [15, 12]. Future work could explore extending sampling methods to these settings.

Computationally-Efficient Oracle Based Approaches As discussed before, if Z is a large or
combinatorial set, it may be impossible to maintain and approriate oracles need to be used. [14]
considers the linear combinatorial setting for matroid-like classes e.g. shortest-path, top-k, and
bipartite matching. By exploiting ideas similar to [9], they provide an algorithm which utilizes the
argmax oracle to acheieve almost optimal sample complexity. A recent work by [2I] reduces optimal
policy learning in agnostic contextual bandits to pure exploration, and provides a method analogous
to [2] which only relies on cost-sensitive classification oracles.

Bayesian Methods Our approach is perhaps most reminiscent of the Top-Two Thompson
Sampling (TTTS) algorithm for best-arm identification in multi-armed bandits of [26]. Similar to
Thompson sampling [27], TTTS maintains a posterior distribution over the means of the arms, and
at each round samples a mean vector from the distribution and chooses the arm with the highest
sampled mean. It then continues to sample mean vectors, until one is returned whose highest mean is
different from the previous found one. Both arms are then pulled. As discussed in the introduction,
our algorithm is similar in spirit - we sample until finding a parameter vector whose best-arm is
different from our current estimate and then we utilize these vectors to update our learners. Top-two
algorithms perform well in practice and have been extensively studied in Bayesian and Frequentist
settings under various assumptions on noise [11] [25]. We remark that the LinGapE algorithm [33]



also uses a top-two approach and tends to perform well empricially, however it is unknown whether
it is asymptotically optimal.

Online Learning and Thompson Sampling Finally we remark that the connection between
Thompson Sampling and online learning has been previously explored in the early work of [I9]. This
work focuses on the regret setting. Recent works in the regret setting have explored connections
between information-theoretic analysis of Thompson sampling and online stochastic mirror descent
algorithms [16, B5]. We hope that our work provides a first step in this direction for the pure
exploration literature.

5 Experiments

In the following, we provide some preliminary experiments to demonstrate the performance of
Algorithm Note that the contribution of this paper is primarily theoretical - our goal is to
demonstrate that asymptotically optimal algorithms for pure exploration can rely purely on sampling
oracles. We hope that the preliminary experiments we provide encourage further exploration of
this line of thinking and lead to algorithms that can be as easy to apply as Thompson sampling in
practice.

With this in mind, we ran the following modification of some of the algorithms of the previous
section. Firstly, we eschewed the doubling trick and instead just ran PEPS directly for a fixed horizon
side T'. Secondly, for the max-learner we made use of AdaHedge which is able to use an adaptive step
size. Finally, we set n, = 1. Though our algorithm only has theoretical guarantees over a bounded
set ©, we believe that this is primarily limitation of the analysis and so we set © = R?. We also
remove the forced G-optimal exploration for the same reason. Further details on our experimental
setup and additional evaluations are in the Appendix.

The main algorithms we compare to are Thompson Sampling [27] and LinGame [7]. LinGame
is based on the two-player game strategy with best-response detailed in Section 2] For a fair
comparison, we run LinGame without stopping. The goal of our experiments was to demonstrate
that sampling and no-projection algorithms can be competitive against algorithms that explicitly
project. From this perspective, we did not consider algorithms that eliminate. For a far more
extensive empirical comparison of existing algorithms, please see [3I]. We also include an oracle
strategy and a comparison to LinGapE [33] in the Appendix.

Soare’s Instance [29]. The first instance we consider is the standard benchmark linear bandit
instance described in [29]. In this instance, the arm set X C R? with |X'| = 3. The first two arms
are z1 = e1, T2 = ea C R?, the canonical basis vectors, and an informative arm x5 = (cos(w), sin(w)).
The true parameter is 6, = (1,0) € R

In this problem, the optimal arm is always x;. However, when the angle w is small, it becomes
challenging to distinguish the interfering arm z4,1 from x;. An effective sampling strategy would
pull arm x5, instead of z; to reduce uncertainty between x; and z441 effectively. However, Thompson
sampling will tend to pull 21, which will take much longer to distinguish between the two competing
arms. The experiments were carried out on a problem instance with d = 2 and w = 0.1. Table 1
presents the average number of pulls for each arm across 100 experimental replications.
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Figure 1: Best-arm identification rate for PEPS, LinGame, and Thompson sampling algorithms
under three instances: Soare instance with w = 0.1, sphere instance with d = 6 and |X| = 20, and
Top-k instance with d = 12 and k = 3. We ran 500 repetitions of the Soare and the Sphere instance,
and 200 repetitions for Top-K. Confidence intervals with plus or minus two standard errors are
shown.

Soare’s instance [29] Sphere TopK

0 0.1 0.05 0.01 0.1 | 0.05 0.01 0.2 0.1 0.05
PEPS 1027 1606 3326 294 | 476 794 8077 | 11582 15839
LinGame | 828 1500 2688 186 | 282 638 8380 | >20000 | >20000
LinTS >5000 | >5000 | >5000 | 431 | >1000 | >1000 | N/A | N/A N/A

Table 1: The number of samples needed for Py, (2 = z.) > 1 — ¢ for various algorithms

Sphere. Following [30, [7], we also consider a linear bandit instance where the arm set X C B? :=
{z € R?:||z|, = 1} is randomly drawn from a unit sphere of dimension d. For the true parameter,
we select the two arms, x and 2/, that are closest to each other, and define 6, = = + 0.01(z' — z),
ensuring that x is the best arm. In our experiment, we run the three algorithms, PEPS, LinGame,
and TS, on a problem instance with d = 6 and |X| = 20.

As we can see, our algorithm still outperforms Thompson sampling and is competitive with
LinGame.

Top-k. The third instance we consider is the top-k combinatorial bandit problem where the goal
is to identify the top-k means. In the linear setting, this can be expressed as X = {e1,--- ,eq} C R?
and Z={e;, +---+e; i1, - ,ix € ([z])} C R%, ie. X is the standard basis and Z is the set of
indicator vectors of subsets of size k. We take 6 = [1,.95,.90,--- ,1 —.054,---] € R As we can see,
our algorithm outperforms LinGame in this instance.

We also present a table describing the number of samples needed to reach a 1 — § idenfication
rate for various ¢ values. Note that we do not run Thompson sampling for the Top-k instance (it
is not defined when X # Z so we put N/A there, and > n in the table means that the algorithm
fails to achieve 1 — § for the n iterations we run in the experiment. We can see that our algorithm,
PEPS, achieves an 1 — § best-arm identification probability for all § in all instances, with a rate
similar to LinGame, outperforming LinTS in all three instances.

11



6 Conclusion

In this paper, we present the first sampling-based projection-free algorithm for pure exploration in
linear bandits. Our algorithm only relies on a sampling oracle and an argmax oracle, so our algorithm
is computationally efficient in various settings. We show that our algorithm is asymptotically instance-
optimal in the sense that the probability that we do not identify the optimal arm decays exponentially
with the optimal rate for a fixed allocation, effectively showing that pure exploration is no harder
than Thompson Sampling. We provide some initial experiments demonstrating that our algorithm
beats Thompson sampling and has competitive performance against benchmark algorithms such
as LinGame [7] in various problem instances. Our current approach has various limitations: for
example, we need to assume that © is bounded. However, we hope that this work opens a line of
investigation into better sampling-based algorithms for effective exploration.

12



References

(1]

2]

(6]

7]

[10]

[11]

[12]

[13]

[14]

[15]

Yasin Abbasi-Yadkori, David Pal, and Csaba Szepesvari. Improved algorithms for linear
stochastic bandits. Advances in neural information processing systems, 24, 2011.

Alekh Agarwal, Daniel Hsu, Satyen Kale, John Langford, Lihong Li, and Robert Schapire.
Taming the monster: A fast and simple algorithm for contextual bandits. In International
Conference on Machine Learning, pages 1638-1646. PMLR, 2014.

Sébastien Bubeck. Introduction to online optimization. Lecture notes, 2:1-86, 2011.

John Burkardt. The truncated normal distribution. Department of Scientific Computing
Website, Florida State University, 1:35, 2014.

Steven De Rooij, Tim Van Erven, Peter D Griinwald, and Wouter M Koolen. Follow the leader
if you can, hedge if you must. The Journal of Machine Learning Research, 15(1):1281-1316,
2014.

Rémy Degenne, Wouter M Koolen, and Pierre Ménard. Non-asymptotic pure exploration by
solving games. Advances in Neural Information Processing Systems, 32, 2019.

Rémy Degenne, Pierre Ménard, Xuedong Shang, and Michal Valko. Gamification of pure
exploration for linear bandits. In International Conference on Machine Learning, pages 2432—
2442. PMLR, 2020.

Luc Devroye. Non-Uniform Random Variate Generation. Springer-Verlag, New York, NY,
USA, 1986.

Tanner Fiez, Lalit Jain, Kevin G Jamieson, and Lillian Ratliff. Sequential experimental design
for transductive linear bandits. Advances in neural information processing systems, 32, 2019.

Yassir Jedra and Alexandre Proutiere. Optimal best-arm identification in linear bandits.
Advances in Neural Information Processing Systems, 33:10007-10017, 2020.

Marc Jourdan, Rémy Degenne, Dorian Baudry, Rianne de Heide, and Emilie Kaufmann. Top
two algorithms revisited. arXiv preprint arXiv:2206.05979, 2022.

Kwang-Sung Jun, Lalit Jain, Blake Mason, and Houssam Nassif. Improved confidence bounds
for the linear logistic model and applications to bandits. In International Conference on Machine
Learning, pages 5148-5157. PMLR, 2021.

Zohar Karnin, Tomer Koren, and Oren Somekh. Almost optimal exploration in multi-armed
bandits. In International Conference on Machine Learning, pages 1238-1246. PMLR, 2013.

Julian Katz-Samuels, Lalit Jain, Kevin G Jamieson, et al. An empirical process approach to the
union bound: Practical algorithms for combinatorial and linear bandits. Advances in Neural
Information Processing Systems, 33:10371-10382, 2020.

Abbas Kazerouni and Lawrence M Wein. Best arm identification in generalized linear bandits.
Operations Research Letters, 49(3):365-371, 2021.

13



[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]

Tor Lattimore and Andras Gyorgy. Mirror descent and the information ratio. In Conference on
Learning Theory, pages 2965-2992. PMLR, 2021.

Tor Lattimore and Csaba Szepesvari. The end of optimism? an asymptotic analysis of
finite-armed linear bandits. In Artificial Intelligence and Statistics, pages 728-737. PMLR,
2017.

Tor Lattimore and Csaba Szepesvari. Bandit algorithms. Cambridge University Press, 2020.

Lihong Li. Generalized thompson sampling for contextual bandits. arXiw preprint
arXiw:1810.7163, 2013.

Yifang Li and Sujit K. Ghosh. Efficient sampling methods for truncated multivariate normal
and student-t distributions subject to linear inequality constraints. Journal of Statistical Theory
and Practice, 9(4):712-732, 2015.

Zhaoqi Li, Lillian Ratliff, Kevin G Jamieson, Lalit Jain, et al. Instance-optimal pac algorithms
for contextual bandits. Advances in Neural Information Processing Systems, 35:37590-37603,
2022.

Mingrui Liu and Francesco Orabona. On the initialization for convex-concave min-max problems.
In International Conference on Algorithmic Learning Theory, pages 743-767. PMLR, 2022.

Kevin P. Murphy. Machine learning : a probabilistic perspective. MIT Press, Cambridge, Mass.
[u.a.], 2013.

Francesco Orabona. A modern introduction to online learning. arXiv preprint arXiv:1912.13213,
2019.

Chao Qin and Daniel Russo. Adaptivity and confounding in multi-armed bandit experiments.
arXiw preprint arXiw:2202.09036, 2022.

Daniel Russo. Simple bayesian algorithms for best arm identification. In Conference on Learning
Theory, pages 1417-1418. PMLR, 2016.

Daniel J Russo, Benjamin Van Roy, Abbas Kazerouni, lan Osband, Zheng Wen, et al. A tutorial
on thompson sampling. Foundations and Trends®) in Machine Learning, 11(1):1-96, 2018.

Shai Shalev-Shwartz et al. Online learning and online convex optimization. Foundations and
Trends(®) in Machine Learning, 4(2):107-194, 2012.

Marta Soare, Alessandro Lazaric, and Rémi Munos. Best-arm identification in linear bandits.
Advances in Neural Information Processing Systems, 27, 2014.

Chao Tao, Saul Blanco, and Yuan Zhou. Best arm identification in linear bandits with linear
dimension dependency. In International Conference on Machine Learning, pages 4877—4886.
PMLR, 2018.

Andrea Tirinzoni and Rémy Degenne. On elimination strategies for bandit fixed-confidence
identification. arXiv preprint arXiv:2205.10936, 2022.

14



[32] Po-An Wang, Ruo-Chun Tzeng, and Alexandre Proutiere. Fast pure exploration via frank-wolfe.
Advances in Neural Information Processing Systems, 34:5810-5821, 2021.

[33] Liyuan Xu, Junya Honda, and Masashi Sugiyama. A fully adaptive algorithm for pure exploration
in linear bandits. In International Conference on Artificial Intelligence and Statistics, pages
843-851. PMLR, 2018.

[34] Mohammadi Zaki, Avinash Mohan, and Aditya Gopalan. Improved pure exploration in lin-
ear bandits with no-regret learning. In IJCAI International Joint Conference on Artificial
Intelligence, pages 3709—-3715. International Joint Conferences on Artificial Intelligence, 2022.

[35] Julian Zimmert and Tor Lattimore. Connections between mirror descent, thompson sampling
and the information ratio. Advances in Neural Information Processing Systems, 32, 2019.

15



Contents

1__Introductionl 1
I1.1  Problem Setting and Notation|. . . . . . .. ... .. ... ... ... ... ... . 2

2 Motivating Our Approach| 3
13 Best Arm Identification Through Sampling) 4
8.1 _Theoretical Guarantees. . . . . . . . . . . . .. 7
4__Related Workl 9
6 Experiments| 10
[6_Conclusion| 12
|A" Notations and general description| 16
IB_Proof of Theorem [2.1| 18
IC_Proof of the Main Theoreml 20
IC.1 Guarantees on the [ikelihood Ratiofl . . . . . .. ... .. ... ... ... .. 22
C.2 Guarantee on Saddle-Point Convergence of PEPS in Round 4 . . . . . . ... .. .. 24
[C3 Guarantees on the max-learner] . . . . . . . o v v v 27

2 D “learner] ... ... 32

IC.5 Approximation Guarantees| . . . . . . . . . . . ... 36
|C.6  Guarantees on sampling and learning the estimate| . . . . . . . ... ... ... ... 40
ID_Bounds and Events that Hold True Each Round 43
lE._Technical Lemmas| 44
I Supplementary plots| 46

A Notations and general description

In the following, we let the index t, 1 <t < T, denote the timestep in round ¢ for any ¢. Throughout
this section we will make use of the filtration F; = {(zs, 05, ys)}.Z} defined in any round. The table
below summarizes the notations used in the proof.

Let IV; , denote the number of times arm z gets pulled at time ¢t. We then define several good
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| T
br, = T, Zt:l Pt
— L Tz
€T, = 7, 2ut=1 Cx¢

Tp ~ N(é\THl, np’IVT_[l) restricted on ©

Apin = Mingg« (z* — x)To*

4
T 6+/log(|X|Tel?
2([) = maneX ( gg\‘w | - )>

%) maxee 221, |4/
Tom:max{(””““");—zez””l) ,TMH}

Co = min{¢: Ty > Ty(£)*/2}

L

B
Bx
Alea/)(

B(t.1/8) = B+ \/2log(1/6) + dlog (4422

Cl,f = Apax + LQﬁ(TZ7£2)
03,6 = BX + Amax + LQB(TEa 52)

Average of p at the end of round ¢

Empirical probability of arms pulled at the end
of round /¢

The distribution 6 is sampled from at the end of
round /¢

minimum gap

a time after which each arm gets sufficiently num-
ber of pulls

a time after which we have z; = z, with high
probability

minimum round number such that we have guar-
antee of convergence with high probability
upper bound on max,ex ||z||2

upper bound on ||0.||2

max, ey MaxXgeo = 0

max, ey maxg gco |z’ (0 —0')]
2

anytime confidence bound for ‘ §t —0*

Vi1

an upper bound on max,ey maxi<7, |{(z, 0]

an upper bound on
maxgecy MaXgeo Maxi<T, |(€,60 — 6]

Table 2: Table of constants and upper bounds used in the proof

events needed to guarantee the performance of PEPS at round /.

Tg =R 2
ee=J {‘@9*

t=1

T

Eap = U {glea;((|x—r9t| < CM} )

t=1

Vi

< 6(t,€2)} :

T
Eo=J | Gro where Gy » = {V; > ¥4 AN)}, Vt > Ty, 2 € X

t>Tr xeX

Eup = U, 1{Z = 2.}

Throughout the proof we also define for some random variable x € X with  ~ p and some function

f(x)7

Fooplf@)] = 3 paf ().

TeEX

The rest of the supplement is organized as follows. In Section [B] we present a proof of the lower
bound stated in Theorem [2.I] Section [F] provides more experimental results.



In Section |[C| we prove the main theorem (Theorem [3.3)) stated in the paper by combining a
saddle-point convergence argument with a guarantee on the likelihood ratio. We tackle the latter in
Section where we provide we relate the empirical probability of finding the best-arm at the end
of a round of PEPS to the likelihood ratio. In Section [C:2} we show the saddle point approximation
and provide a guarantee on how well 7* is approximated after one round of PEPS. This argument
depends on

e Section [C.3 and [C.4] which provide regret guarantees on the max and min learners.
e Section provides lemmas bounding terms related to the approximation error of é\TZ to 6*.
e Section formally shows that after certain rounds each arm gets enough samples.

e Section [D] shows that good events needed to guarantee performance of PEPS happen with
high probability.

Finally, Section [E] provides some technical lemmas used in the proof.

B Proof of Theorem 2.1

Theorem B.1. Fiz © = R? and any 6, € ©. For some X consider a procedure that draws
Ti,...,T7 ~ A, then observes y, = (xy,0.) + ¢ with ¢, ~ N(0,1), and then computes zr =
arg max,cz(z, 0r) where O = arg mingceo Zthl llye — (0, 2)||3. Then for any A\ € Ax we have

limsup—% log (Pg*’ww)\(?T + z*)) < 7"

T—o0

Proof. Assume that {z — z,}.cz span R%. Otherwise, discard the components of X’ and 6, that are
orthogonal to the span of {z — z,},cz and reparameterize in the subspace spanned by {z — z,}.cz.
We can then work in this reparameterized space, so without loss of generality we can assume
{2z — 2z, }.cz span R%.

Furthermore, assume that X’ spans R?. If this were not true, then there could be a component of
6. that is orthogonal to the span of X which makes z, not identifiable since we assumed {z — 2, }.cz
spans R?. That is, if #; is the projection of 6, onto the subspace orthogonal to the span of X, then
(z — z4,0F) could be arbitrarily large but no measurement could detect 6.

Putting the two assumptions together, we conclude that there exists a A € Ay such that
A(A) = 0 (equivalently, Amin(A(N)) > 0) and max.cz ||z — 2.[[ 4(n)-1 < 0o. Fix any A satisfying such
conditions. Define the event G = {Zthl 22z = AN)T(1 — ga 1)} for some gy = o(T') sequence
to be defined next.

By applying matrix Chernoff to the random matrices {FA(X)~

that
(

AN~

Yzyx[ }4 we have for any € € [0,1)

N[ =
M=

zer] = AN(1 — e)) > 1 — dexp(—€2/2R)

)
==

T z;z; ). Observe that

where R = max; Apax(

1
Amax (AN 2] ) < AN ] |
< L/ Amin(AO)T.
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202 Apin (A(N))~1 log(dT)
T

So taking € = ghr = we have that P(G) > 1 — 1/T whenever gy 7 < 1

which holds for sufficiently large T
Now, for any {z;}~ ; that span R? (will be guaranteed by event G) we have that

argmlnz Hyt 9 Tt ||2
= (thx;r>_1 fotil/t
t=1 t=1
T 4 .T
-0, + (thxf) thet
~0.+ (al)

where the last line holds with inequality in distribution for n ~ N(0, I;). We conclude that for any
z that (07 — 0.,z — z,) is a zero-mean Gaussian random variable with variance

0%\ =E[(fr — 0., 2 — 2.)%]

(Zwtxt)”/z, RPRE
=(z — z4) (Zaztwt) (z — 24).

Thus, on G\ we have that Uf»\ < W”Z z*||124(/\),1.

Consequently,
Po.Gr #2) =Po( | {Br=22#2))
2EZ\ 24
> Zénza\i* Py, (Zr = 2,2 # 24)
- Zé%a\)i* Py, (<§T, z2— 2z >0)
= max Py, (<§T —Ou,z— 2) > (0s, 2 — 24))
2EZ\ 24

> Zrenza\x E{z,3~2Eg, [1{G,\}1{ — 02— 24) > (b, 2 — z*)}‘{xt}]}

= max Payor (G Pron0,1) (Mo n = (0i, 2 — 24)).

Using the fact that
<1

Py o) (> 5) =/ —=
o




for positive s, we conclude that

Py, (Zr # 24)
> max Pr,yon(G)Pyoar01) (0= x 2 (0h2 = 24))

2E€EZ\z«
2
1 T2\ Ug)\ 1 *7«’*’22_“) /2
>1 <1H1l- = : — J SER
= Hgnr H T)zglza\}i*(<9*,z—z*> (Ory 2 — 24)3 \/2716
1. 0. 1 ezt
> max 1 <1<9Z7Z*>2 1— =)——22 oI
T 262\ 2. {g)\ r CE - }( T) <6‘*, z — Z*> w/871'
T(1—gx,7){(0x,2—2x)2
T(1—ga1){0u,2—2,)2 B l llz=2all? 5y -1 1 T /2
> Zrenza\i 1{grr <1, . > 2}(1 T)T(l_gA,T)<9*7Z_Z*>2 \/ge a0 )
Z—Zx 2 —

Thus, because g = o(T) and u!%z(j))gl < oo we have that

. 1 N 0., 2 — 2,)?

tim sup — - log (Bo. c,r (B # 21)) < 1= 2

T—00 T HZ_Z*HA()\)—I

= min [|0 — 0.]%\ /2
Orenéfgl* | HA(,\)/
: 2 *
< max pes 16— Oullany/2=7

where the second line uses the fact that © = R?. O

C Proof of the Main Theorem

Theorem C.1. Under Algorithm[1] and[4 and Assumption[I, we have the sampling distribution
satisfies with probability 1,

1
lim —Tlogw(Qc )=71".

{— 00 ¢

Proof. By Theorem we have that for ¢ > ¢y, P(Ef) < (,% Also, since T; = 2¢, and Ty(¢) only
scales logarithmically in ¢, so £y < oo. Therefore, 3,2, P(€) < oo. By Borel-Cantelli, we have

P (lim sup Ef) =0.
n—oo

Note that limsup,_,. & = (j=; Urey &k, this implies that the probability that infinitely many of
them occur is zero, which means that £ eventually holds for sufficiently large ¢ with probability 1
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However, under &, we have

Joe me(0)dd  [g. me(6)/me(6%)dO
f@)ﬂ'(g(a)de - feﬁg(g)/ﬂz(e*)dg
—10—-0"11%
f@c e 2 1) 4o

me(03,) =

by &)
—Zeyjg—p* |2 (by &
Joe 10 e gg
~T, inf 10-0" I3,
Ze 0un” ATy, (Lemma and ain(g 16 — 9*||124(>\) =0 for any )
€

This implies that there exists some €, — 0 such that

/
S €p-

1 . P |2
—Elog T (0F,) — 9&1)25 0 —0 ”A(éTZ)

Under & ¢, there exists some sequence €, — 0 such that
T — 1nf - ||H 9*||A (er,) = < .

Since

* - * -
T _{22’(9&%{ ||9 0 %an Zeénf H9 0" Csen,)

combining the above three displays, we have under &,
1 c * /
——logm (05 ) — 7| < e+ €,
T *

where €, + €, — 0 as £ — co. Combining this with the fact that P (limsup,_,., &) = 0, we have
with probability 1,

1
lim —?logw(@c )y=1".

£— 00 ¢

Theorem C.2. In round { for £ > £y, define

T, (9*)

lo
ngw>

T, N
— 5 =6

) S"W}

\ o1 2
i 3 100"y = 2o 510,

1
Esp = {sup —
' gco Ty

Esp = { < 64}

with ¢ = 0 and kg — 0 as ¢ — co. Define Eg =E50NEy. Then P(E) > 1 — 5/(2.

Proof. We first summarize the guarantees for the probabilities of events below. For ¢ > £y, we have

e from Lemma we have that P(E |10 N Eap N E30 N Esp) > 1 — 1/% with choice of
e =0T, ",
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from Lemma P(Erg) >1—1/0%

by Lemma Ea.¢ is true under £3 , N & g5

by Lemma P(Espl€r1e) >1—1/0%

by Lemmawith Ke = O(T[l/g), P(Esp) >1—1/0%
e by Lemma[C.14] P(£5,) > 1 — 1/

Note that & D 51’[ N 5275 n Sg’g N 54,4 n 55,5 n 56,27 and so

Ef CEL UES,UES,UE,UES ,UEG,
=&, U (55’4 N&EeNEse)U &5 U (&ié N&e) U Es U (Sg,g NELNEeNEspNEag).

Therefore, for £ > (g,
P(&7)

SPELY) +P(ES,NELeNEse) +P(ES,) +P(EL,NELL) +P(ES ) +P(EG e NELeNEapNE3eNEny)

S P(ET ) + P(E €10 N E3,0)P(E1,e N Ese) + P(E5 ) + P(EL 4|E1,0)P(En,e)

+P(ES ) + P(ES 41,6 M E2ye N E3p N Eqe)P(E1e N Enye N E3 g N Ene)
S P(ET ) +P(E5 €1, N Ee) + P(ES y) + P(EL 1 E1,e) + P(E5 ) + P(EG 4|E1,6 N E20 N E3 e M Ene)

ot

Sﬁ‘

Therefore, P(&) > 1— 5. O

C.1 Guarantees on the Likelihood Ratio
Lemma C.3. We have with probability at least 1 —1/(?,

2dlog (7(d+Tffz)Z2)
- AmaX .
T,

su i lo me(0)
eeg T, gm(a*)

~Te10-0" e, )

Té * (12
e,

éTE)

SRR, me(8) -
Which implies that Mg(a*) =e

Proof. Throughout the following we set T := T;. Recall that 7,(6) = N (§T+1, V1) restricted on ©,
which means that for each 6 € ©,
o — G|
o (- -, )

~ 2 ’
Jiyexp <; 0~ Or.pa > do
Vr

Since the denominator is independent of #, this means that

m(0) 1 2
ww*)‘exp( 2<H9 I

71'((9) =

2 ~
o

)
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where

0 — || =6 =]
| =0ral],, = [l =0ra]]
* 12 *\ T N n 2 n 2 n T 2
= 16", = 20 Ved + [Brsa ||~ |[fraal| | +20ri0)TVe0 01,
VT VT

T T
= 6", —2(6%)" Vr <0* + V! Zex) +20 Vi <9* + V! Z ex) — 110117,

s=1 s=1
T T
= 07113, — 2116*II, —2(67)" <Z esxs> +2(0%) Vo +267 (Z esxs> — Il
s=1 s=1
T
=—lo* - 0|}, —2 <9* - H,Zesxs>
s=1
T
= — 6" = 0lI7, — 2D el (6" —0).
s=1
Note that
T T
Seal (07 -0) = el Vi PV 07 - 0)
s=1 s=1
T
< Zesxs ”9* - 9||VT .
s=1 ijl
Note that

T

107 = Ollvy = /116 = 017, = | D_(@ (0" = 0)) < A VT,

t=1

and since Ele; 5| Fs—1] = 0 for all s, €525 is a vector-valued martingale. Then by Theorem 1 of [I],

with probability greater than 1 — ¢,
d+TL?
< 4/2d1 e T
VT

TL?
||9* - QHVT S Amaxﬁ\/leog (der(s)

T

E €sTs

s=1

so with probability 1 — 4,

T
E €sTs
s=1

—1
Vr

so for any 0 € ©,

‘(HQ—QATH

R V7 i I VAR
Vi T+1 Vi Vi

2
< Amaxﬁ\/wlog (deraTL)’
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which means that

* T TL?
IOg Tre(e ) - 5 He - 0*|?4(6T)‘ < Am'a»x\/f\/zdlog (d_‘_>

m(6) dé

Taking a supremum over # € © on both sides and taking § = %2 gives the result.

C.2 Guarantee on Saddle-Point Convergence of PEPS in Round /

In this section, we present a key result to this proof, which shows that as round ¢ gets large, the
distribution from PEPS achieves the optimal allocation deduced by 7*. Fix a round ¢. At iteration
t, let \; denote the sampling distribution of z; . The result is stated in the following lemma. In the
proof, we decompose the difference into several terms and argue about each piece in subsequent
sections.

Lemma C.4 (Guarantee for PEPS). On & (N & ¢ NE3 ¢ NEay, for £ > Ly then at the end of epoch
0, we have with probability at least 1 — e%,

. 1 os 2
T —Genéfg* {2|9 9||A(5T2)] <e

for a sequence ¢, — 0 as £ — co.

Proof. Recall the definition of pr, and ér, in Section @ We first show that there exists some ¢, that
goes to zero as £ — oo such that under £ ¢ N & ¢ N E3¢ N Eyy, for £ > Ly,

1 * 2 . 1 * 2
1 Fonp, [516° =000 | = in Fony 5107~ 01, | < o
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We have

X 2 2
1% Fop, 107 = 01300 | = i Foup [10° = 01 3er, |
_ (11 0% 2 . % 2
= Argg:i Fo~pr, _||9 _GHA(A)_ - eé%f 16 —9HA(5T2)
- F o =012 0] = = inf o—8nl +cz
= max Foupr, |07 = 0llacn)) " Tyod. |0~ O], +Cr,
_ (11 9% 2 /
= Aﬂeli); Fo~pr, ||‘9 - 9”,4(,\) - /\Heli)i E ZF%IH [ 0y — 9HA(>\J (S1. C7,)
+maxfzmw [ RIS S P
zedx Ty P aw] L= AG)
(S2. regret for max learner)
T r 1 Ty
1 2 1 2
— N "F, |lo -0 2N Fy He—a S3.
+th§;: | aci ] ng 6“[ tA(xt)} (83.)
1 M, 12 ]
— N "Fps |lo -0 Fo.. He f, s4.
+T£; bt L t A(:\t) Z o pt|: t a:tw;r:| ( )
1 K r 2 1 N 2 .
+ E ;F%ﬁt _ 0 —0; x,x[} - Eeé%fg* ‘9 — 0Te+1‘ Ve, (S5. regret for the min learner)
+ C7,.
where we define
/o * 2
Cr, = Aneli); Forpr, [”9 - HHA(,\)} - /\Igii T, ZFé)Nm [Hat H ]
cr =X g [lo—dnn £ 6% -6
T = e ) - THIHVTZ_ é%c 16 = 0% e,

We now handle each term separately by referring to the lemma which provides a guarantee.

e (S1) By Lemma under & ¢ N &y, for Ty > Th(L),

Te
. 2 1 0, ’
1o Fonpr, (107 =0l | — yuax 7, 2 [ ]

AEAx
To(0)L?B(Ty(¢), £?)

< +4dB(Ty, )T,
T,

so for Ty > T»(£)?/?, we have the above is upper bounded by

O(L2B(To(£), )T, 4 4dB (T, )T, */*);
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e (S2) By Lemma we have with probability 1 — 1/(3¢2) conditioned on &3

Z ]FQNPt’JCNS\t

<202 ,\/log | X|T, + 2022T4|X\10g(TM2)+QC§Z Y,
, 3, 5

t=1

90t

maxZIFN ~ HG o,
AEA~ O~py, v t

rT

so with a choice of y; = t~¢ with o = 1/4,

T
1 <& F
zzT EZ O~pi,z~ g

<C3, log|X|T Y2y 202, log 2T \/2C§Z\X|log(3T€2) 7, 4203 1
(S3) By Lemma we have conditioned on & o N &1y for £ >y,
Ty Ty
1 2 1 2
= Fou [0 =8|, | =5 D Fons |00
Te; ’ pt{ ' A()‘t):| thz::l ? pt[ lac, 1y
“1/2.

for T, > Ty(£)*/?, we have the above is bounded by 203, T, %

—~ 12
0—06,

T

max —E Fo~ NAHG Ht
xenx Ty pe¥

T

202 Ty (4
) }< 3.010(£)
(At)

(S4) By Lemma we have with probability 1 — 1/(3¢%), conditioned on &,

2o [0, | - 5 oo o0

(S5) By Lemma [C.7] we have with probability 1 — 1/(3¢%), conditioned on &1, N &,
inf

ZEQNZ)' |:H9 Ht rtT;r:| _9€®§

C2 ,dlog(T,C 2dB(T. 02 T,L2 2log(£2
- 5.0d10g(TeC1 0) e dB(Ty, ¢ )log d+ Ty e og(l ).
T, T, d T,

ez

:| < 20175 IOg 02
> T,

. 2
o= 0m|
Vr,

(C7,) By Lemma conditioned on &1 ¢ N & ¢, we have

B(Te, )

n 2 1 . * 2
‘9_9T2+1‘ — 7 nf 6" =0y, T

vr, Tpoeoq,

1
— inf

< C Amax
Tyococ, =< 3.0+ )
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Add them altogether, we get that with probability greater than 1 — 1/¢? on E10NEeNEay

* 2 . * 2
v Eorpr, {”9 - 0”‘4(”] _pegl(ler)lé*)Eewp {Hg _0”‘4(;\”)}

< L2B(Ty(0), A)T, 2 + 4dp(T, )T,

+ C3 Vlog [XIT, 112 4\ 23 log 2T, 1%+ [2C3 | X 10g (3T2)T; V2 4 €3 1, 1/

2
4 20§ €T£71/2 + M
, T,
C2 ,dlog(TyC ) 2dB(Ty, £?) d+T,L? 2log(£?)
+ \/ 7 +Csy 7 log ( 7] ) +C3y T,
Ty, 02
+ (03,2 + Amax) M
T,

Note that each term approaches zero as Ty — oco. By the choice of Ty = 2¢ in the algorithm, this
implies that there exists some €, > 0 with ¢, — 0 as { — oo such that for each ¢,

* 2 . * 2
1o oy, [10° =000 = _amin Foy 107 = Ollace,, | < e (2)

Now we show how this result leads to the saddle point convergence. Note that

* 2 . * 2 . * 2
max Foopr, (16" = 0/%] = max  min Fooy (16" = 61%] = min Foop (16" =603, )|

AEAX T AEAX peEP(OS)) T peP(e:)

so using Equation [2] we have

i * 2 3 * 2
AR PG7I§1(%1§J]F0NP[”0 ~Olan] - pegl(lélz*)FeN” [”9 - QHA(ETZ)} < e

However, note that

. * 2 . 2
cmin Fop (107 = Ok, | = 0 107 = Oler,

and maxyea , minyepoc ) Fop[[|0* — GHZ()\)] = 7*, we have shown that

. 2
T* _ eéréé ||0* — 9||A(5TZ) < €yp.

C.3 Guarantees on the max-learner

In this section, we show that the max-learner gets sublinear regret as ¢ gets large. The key idea is
that we mix a diminishing amount of G-optimal distribution each round, and we show that by its
diminishing nature, the mixing of G-optimal distribution keeps the regret sublinear.
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log | X|

Lemma C.5. Under &2, with the choice of ny = we have with probability greater than

ci,T
1—1/62,
T 2 iy 2
max 3 Fo. NAHefot -3°F o3,
AEA X e} pe,w zx T e} O~pe oA zx T

T,
< 202 ,/log | X[T, + \/QC;ZTAX\ log(T02) +2C3, > .

t=1

Proof. We first show that the statement is true for some fixed A, i.e. we would like to show that
with probability 1 — 4,

2

zmT}

Ty Te .
> Fompoma [P -8 | = 2 Fumpas, |05
t=1 e t=1

T
< C3 \/log [X|T; + /2C3 , Tylog(1/6) +2C3 > .

t=1

2

Let F;_1 be the history up to time ¢. Then for any fixed A,

Eo, [Famnl10: = 00112, 7)1 Fi-1] = Fonp onl10: = 6]1%,7)-

zz T zz T
Thus, setting

2 2

et_é\t e_é\t

Xt = FwNS\t |: :| - szj\t,er\;p‘ -

| 3

we see that the X; form a Martingale difference sequence, i.e. E[X;|F;—1] = 0. Note that for any

0 ec 0o,
o

2 ~
} + 7 (Fmt U\eet

xx T T

~ 12 ~
0t - gt T:| - ]sz)\ﬁwpt 0 — 9,5

x

Fauon, {He — 0,

~ 2
—F, 5, {He — 6,

] “TF, e Me —0

)

. < C??ev we have for any
. )

zx T

Since under &£ 4, we have for any z € X', 0 € ©, any t < T}, || — 02

0 c 0o,

2
T

~ 12 —~ 12
Fon, [He—et T} <F, : [He—et T} +202 .
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Then we have

Z ]FON;nt T |:H0 9t
== Z]FzNA |:
t=1

xatT:|

] Bt o
]2l ol ]
t=1
T, 9 T, 2
el ] el
[Zm}% (= et Z]Fww oo |16 — 0
} ZFM [Het 0 }
} 35 [Jo- M}

ZFM o0

~

et—ﬁt 0 — 0,

6: — 6, — 0,

=

xrxr

iy
+2C3, Z Ve (3)
t=1

Note that

Gt Gt gt - é\t

2
SR TY
Z Fl"*)\t 0~py

T

Z ]FIN)\ |:

t=1
[Z F9~pt TN He et

0 — 0,

T
wa‘| - Z X
t=1

12
We know that under & ¢, we have for any z € X, 6 € ©, any t < T}, H9 — QtH . < 0322. Then, for
Tx ’

any t, | X;| < 4C’§7€, so by Azuma-Hoeffding, with probability 1 — 6, ZtTil X, < ,/8C2 Tylog(1/6).
Plugging the above and Lemma in Equation [3] gives us

2

mmT}

Ty 2 Ty .
> oo ||| = S Forgns, |0
t=1 e t=1

T
< C3 \log [X [T, + 1/2C3 , Tylog(1/6) +2C3 > -
t=1

This result holds for any A, but in particular we want it to hold for the A which maximizes the
reward, so we perform a covering argument on \.
We take an e-cover Sc of Ay in ||-||;. Then, we know that for any A € Ay, there is some
12
N € 8. such that ||\ — X, < e. Let we(A) := Foop, oon He —9,

T

o Then, note that for any ¢ and
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AL, A2 € Ay,

2 2

w()‘l) - w()‘2) = Forp,amn, ||0 — é\t

= Fonp, _(M]e — Do) (@ (0 = 6r))?

x

< Cg,gFQNpt Z(P\l}m - [/\2]17)

x

=C30lIM = Aelly

0—0,

+ FQNPt T Ao

T

s0 wy(A) is C3 ,-Lipschitz for any ¢. Then, assuming that X € Ay satisfies that

Z B, o Ha ol

T )

= max E Fo~ TNAHQ 9t
zx T )\GAX P

rxT

we can find some Ay € S, such that H)\o - 5\|| < ¢, so by Lipschitzness of w; for any ¢, we have

T, )
T f\rgsx E Forp,,zmon H9 — 0,

max E Fop, z~ H9 0,
/\EAX O~py,x~A t

- ZFM o2l

T

— max Forp, z~
zx T )\E% Z O~pese /\HH et

E ]FO'\’pf z~ Ao

zz T

< Z]Fepr s He ot

S ng[T[ﬁ.

03

zx T

Also, let K = |X|. Denote B¥ as the [; ball with dimension K. We know that for ¢ < 1,
N(Bf |l ) < (%)K Since Ay C B¥ | we have the covering number

3 K
Now o0 < Nk < (2)

Therefore, |S| < (%)K By union bounding over all A € S¢, we have with probability at least 1 — 4,

§ : F9~pt T~ At

< C3V/1og [X[T, + chm log(1/(31S.1)) +2€3, Z%

t=1

T
< C3 \/log |X|T, + \/QC§7£T4|X| log(3/(€6)) +2C5 ;> -
t=1

&IéE‘lSX Z ]FGNpt T H0 925

90t

T

rT
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Combining two displays gives us

T

max 3 Fo. NAH(afat
NEA x pot Pt,T

~ 112
0 — 0,

zx T

2 Te
T+ ZFQNPMINM
xTrx
t=1

T,
< C2,\/log | X|T; + \/2C§7ZTZ|X| log(3/(6¢)) + 203, " 7 + C3 Tve.

t=1

Taking € = 1/y/T; and § = 1/¢? gives us the result.

Lemma C.6. Under &, with the choice of n = lcof‘g , we have for any A,
3,6
T ~ 12 T ~ 12 \/7
0, — 6 - - < C2 ,\/log | X|T,.
tz::l E 0 ; ]| YN 3,0 | X
)12
Proof. Let £;(\) = — Hﬁt - HtHA(A). Then we have
112
O3 = = 00 =8| =G
Since
112
Jt)|lco = 0: — 0 <Cz,,
iy loeloe = e |10 = Ol = e

by the guarantee of exponentiated gradient algorithm [24], we have that for any A,

Plugging in the definition of £;(\), we have

e 2 It 12 log|X| 0T,
S oflec=all, -2 o -al,,,, = 75T+ ek
—~ AR = A(Ar) n 2

log | X|

we have
ng Te?

Choosing n =

Tg =R 2 Tg =R 2
> o8, - |-, < CheviosTATE
t=1 t=1 t
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C.4 GGuarantees on the min-learner

In this section, we show that the min-learner gets sublinear regret as ¢ gets large. For the min
learner, we see that the update for the sampling distribution is very similar to the continuous
exponential weights updates [3]. The difference between our setting and continuous exponential
weights is that the space @%ﬂ is changing each time, so we potentially have a changing action space
each time. To overcome this challenge, we first analyze the regret guarantee when we assume access
to the true alternative in Lemma and use Lemma @ to argue that the estimate ©%, is good
enough. We state the following guarantee for the min-learner.

Lemma C.7. On event &1 N &2, with probability 1 — 1/¢2,

1 [& ~
T ;ngﬁt Uja—et

C2 ,dlog(T,C 2dB(Ty, £2 d+TyL? 2log(¢?
<\/ 5.0d10g(Te 1,€)+03’Z\/ B(Ty, )log< + T >+C3’e og(¢?)

2

2 ~
:|— inf HG_QTHJ‘

P 0eO¢

Vr,

T T d T

Proof. We begin by a bound that will be useful in our exponential weights analogy. At iteration ¢,
we apply Hoeffding’s lemma with the following upper bound given &1 N &2 and Lemma [E.T}

2 - 2 2
Eoop Hefe +Haf0 ‘ fHefe
0 pf,|: t xtm;r t+1 v, t v,
9 ~ 2 ~ 12
< C2,+Eop, He—om‘ - Ha-at (E0.2)
Vi Vi1
< C3o+2C30(Cre+1) (Lemma [E.T)
<4C3,.
2
At round ¢t > 1, we define W; = foeec exp (—77,, 0—0, > df and Wi being a uniform
2% t—1
distribution on ©¢ . Then
log;L/H_1
t
~ 2
fee@c exp (—np H@ — 0t+1H ) do
S Vi
= log —
feeec exp (—np HG—Ot )d@
Zx Vi
0— v’ 0—a, 0—a| 0—a,| 0—a| do
B e P WP WP ] it i )
- ~ 2
Jyeor, exp (—np He " VH) d8
0—a| 0— b 9—a,| 9—a,| do
o oo (o3l sl eofo-all, wlp-alf, )
fee@c exp (—nPHO—Gt )d@
Zx Viea
2 2
~ 12 ~ 2 112 ny - 4C3 ,
< - c - - —lo - R S
< —mBopicos) |00+ Jo=Fen], ~ o=, | + 25
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where the inequality follows from the Hoeffding inequality In Ee*X < sEX + M. By telescoping,
we have
Wr, 41 Wr, 41 Wr, Wa
lo e —=In—"—+1n L. 4+ In—=
& Wi Wr, Wr,—1 Wy
T, 2 R 2 2 TIZ77202
< S Epop (o He—e He—e ‘ —HG—H’ il a2y
= —p tz:; O~p.(0F,) [ t v + t+1 v B v + 5
- R 2 2
On the other hand, let 8 = argoinf ‘0 — 9Te+1‘ . Let w(0) = exp (—np HG — 0, > Let
€0s, T, Vit

33



N, = {(1 =)0 +~6,0 € ©2_} for v > 0 that we choose later. We have

~ 2
. exp(—n,|lo -0 ‘ > 46
log Wr, 11 ~ log f"E@z* P < "lp H Ty+1 Ve,
1 f9€®§* 1d6
~ 2
feer exp (_7717 0 — 0Tz+1‘ v ) do
> log To
Joco: 1d9
- . 2
fHG'y@g* exp (_7717 (1=7)0+6— QTH_IHV ) do
> log Ty
f@eeg* 1do
J - ~ 2
feeeg* Y exp (77;1) H(l — )0 +~0 — 9Te+1‘ v ) do
= log Te
Joco: 1d0
J - ~ 2
fee@;* Y exXp <_77p H(l — )0+ ~6 — 9T5+1‘ v ) do
= log Te
fee@g* 1df
; -~ 2 . 2
feee;* 7% exp (_np ((1 —) H9 - eTerl‘ v + H9 — 07,11 v )) do
> log Ty Ty
fee@g* 1d6
J A 2 . 2
fee@g* 7 exp (_np ((1 -) H9 - 9T2+1HV +7 HH - 9T;;+1HV )) do
> log Te £2)
fee@;* 1df
-~ 2
fee@; 7% exp (77;0 <H9 — 01,41 v JF’YTZCL@)) do
> log ’ Te
feeeg* 1d6
~ 2
= _npeé%fg* ‘9 — 01,41 Hm + dlogy — npyTyChe.

where the last inequality follows from the fact that for any 6 € ©,
T,

H9 - §Tz+1Hi,T = Z(xtT(@ —01,41)* < T,C3,

L t=1
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under & o. Combining the two displays gives us

- 2
_ 1y inf ‘9—9 ‘ dlogy — 0T,
npeérég* Ty+1 VT£+ ogy — npYLeCie
Ty 2 2 2 T(?’]QCQ
~ -~ ~ p~'3,L
3 v [J0-C -, <[]+ T
Rearranging, we have
3 o3, o—d,." —lo-al £ lo—dp.
S o B ]
; 0 p,,(@z*)[ t s + t+1 v, t v, 961%2* Ty+1 Va,
C3, Ty dlog(1
< WCsede g( /7)+’7T601,z-
2 Mp
. o 1 _ dlog(Tgclyz)
By choosing v = Tor: and 7, = W,We have

2

Te ~ ~ 2 ~
3 o [0y + o, |0

2 ~ 2
= pdf [0 =, < /7CR diopcn),
VJ 961%2* Tet1 Ve, © 1C3 (dlog(TyCh p)
SO

LIS o—a:|" 9—buna|” — o3 e o— ol | </ CedloBTiC0)
T, | & 0~pe(©2,) [H - z,,zj—’—H B Vt_H o VJ "~ oeoe ‘ B T’ZHHVTZ = T, ’

In other words,

2
— inf
Tz GSCN

1 [
7 | 2 Eoe [Ha — 0,
t=1

C2,dlog(TiCrp) 1 & N
Y e N R Eo~5 HH -0 ‘
< \/ T + 7 tzzl O~ py [ t+1

2
vj '
By Lemma we have with probability 1 — 1/¢2,

Te
1 ~ 2 2dB(Ty, £2) d+TpL? 2log(£?)
—3 Fop Ha .y < 7)), 2o8l),
T, 2 0~ [ i1 Vj < 03,2\/ T, og 7 +Cs0 T,

‘9 _é\Terl‘

2

oo

2 —~
fHefat
Vi

Combining the above two displays gives us with probability 1 — 1/¢2

L[S o_a inf |0 — 0 ’
7 (e -2l - i o=l
C2 ,dlog(T,C 2dB(Ty, 12 d+T,L2 2 log(¢2
< 3,0010g(Ty 1,0) + Cy B(T, )log + 1y 4Oy og( )'
T, T, d T,
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C.5 Approximation Guarantees

In this section, we present several technical lemmas bounding the terms related to the approximation
error of f; to 0* in each iteration t. More specifically, these lemmas show upper bound on the terms

in the decomposition in the proof of lemma [C.4]
2 < 2C ¢ log 62.
zezd | T,

2
A(S\t)} ’

} is a mean-zero martingale. Also, under & 4, |M;| < Cy ¢, then

Lemma C.8 (S4). Under &4, with probability 1 — 1/¢2,

| o o | o ~
CO S [N IS N [
Te; 0 p‘[ i Te; b i

2
Proof. Define M; = Fg~p, {HH — 0

} . Note that
.

TeTy

Eq, [M;|Fo_1] = Fons, [He _ 9

2

At

SO Mt = Mt — F9Nﬁt |:H9 - é\t
by Azuma-Hoeffding, we have with probability at least 1 — 4, tTi 1 M; < /2C, /T;log (2, so

T, T,
1 ~ |2 1 ~ |2 2C ¢ log 2
— Fouy Hefo ~ =3 Foup Hefe < o8t
Ty — O~p¢ |: t A(S\t):| Ty Py O |: K zezl | T,

Lemma C.9 (Cr,). Under & 4N Ezp, with probability 1 —1/¢,

T,
1 ~ 2 2dB(T;, ¢2 d+T,L? 2log(¢2
E E FQNﬁt |:H6 - 9t+1 V:| S 03,[\/ ﬁ( L ) log ( ¢ ) +C3,€ ﬁ
t=1 ¢

Ty d Ty
Proof. We first consider some round ¢ and some 6. By Lemma [E.1]

=l

2 2

T T )
Therefore,
T 7
Tle;]F"”ﬁf [He ~b ZVH - H9 ~ b ZVJ = 2%’5 ;(yt — 2/ 6,). (4)
Now, note that
yt—x;rat:x:(a*—at)—&-et

<lwillyzy (67 =), +e

< ||17t||vt:11 \/W—&— €. (by E1.0)
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Note that since ¢, ~ N(0,1) is 1-subGaussian, by Azuma-Hoeflding, we have with probability
1—1/0,
T

Z e < /2T, log(£?).

t=1

By summing it from 1 to 7, we have under &; ¢, with probability 1 — 1/¢2,
T R T iy
D=2/ 00) < Y VBB fadllyr + e
t=1 t=1 t=1
T
< S VBB ey, + /2T 105()
t=1

Ty
<.|Te Zﬁ(t,ﬁ) ||,7:t||%/t:11 + /2Ty log(¢?) (by Cauchy-Schwarz)
t=1
T,
< | TeB(Ty, £?) Z thH%/;ll + /2T, log(¢?) (by Cauchy-Schwarz)
t=1

IN

2
\/TZB(TZ,EQ)%Zlog (d—'_C?L> + /2Ty log(£?).

(by Elliptical potential lemma [I])
Plugging this in Equation [4] gives the result. O
Lemma C.10 (C7,). Under & N &y, we have

Jnax EZFHNW [|9 6HA()\} T aRax EZFQN“ {Het GHA(A):|

To(O)L2B(T5(4), £2)

< + 4dB(Ty, )T, 2.
T

Proof. We have

il

e ZM (167 = Ol | - e 7 ZFM [

F 6* — 0 0 2
< o N * —_ .
< max o E Orpy [ HA(/\ H e HA(A):|
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We fix some 6 and A. Note that
16" = 61acn Het B QHA(/\)
= (0" +6: —20)TAN)(0" — 0y)
= A0+ 6, —20) 22" (0" — 8y)
zeX
< max(6” + 0, —20)Tx2T (6F — 0;)

TeEX

> (CS,Z + Amax) Igleai)(x (9* — é\t)

Therefore,
. 1h
max EZFQW [w — 01 - Hat 9” } (034+Amax)ma§n;<9t—0 x> (5)

By Lemma under &34 N & ¢, for any t > Th(¢) + 1, we have for any = € X,
d
(2.00-0") < A E2).
Also, by Lemma [D.2] under &; ¢, we have for any ¢ > 1,

z,0, — 0°) < L2B(t, %)
(8-07)

Therefore,
T
1 n *
w3 (0= 0"x)
T (€)
e [ ra) e S (-0
B t=T>()+1
1 Ty d
S — T2(€)L26(T2(£); €2> + Z t3/45(t 62) (by Lemma and
‘ t=T>(0)+1
1 T
f To(0)L2B(To(0), £%) + dB(Ty, £%) / =3/ 44
‘ t=T> ()

= Tiz [TQ(E)LQ/B(TQ(E)’£2> + dﬂ(TZ7€2)(4T21/4 _ 4T2(£>1/4):|

Ty(0)L*B(Ta(0),
< T,
Plugging this in Equation [§] gives us

2
) + 4dB(Ty, )T, 3/,

) aap(y, @y

@‘%2]<RWHMwa
AN T

2
Joax o Z]F6~m [W = Olae - T
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Lemma C.11 (C%[). Assume that © is closed. Then, we have under & N &2,

B(T€a€2).

~ 2 1
‘9 - 0T2+1‘ e inf TZ

vr, Typoeog,

— inf
Tyocog,

‘9* - 9”%/” < (OS,Z =+ AmaX)

~ 2
Proof. Let 0, := arg gé%fc HH - OTZ-HHV and 0y := arg gé%f; |10 — 0*”%%' We have
Zx Ty Zx

2
. ~ : . 2
i o =Preal, it 1o,
-~ 2 N 2
o], -1 -,
N (Henﬂ — 62 v, 6" — 92vT£> (H9Te+1 - 92‘ Ve, + 16" — 02||VT2> :
< |fri o ([fns e 6 — 6 .
- H Tetl Vr, ( Tert 2 Vr, N ” 2||VT@
Note that under & 4,
T,
HeTg-H —0|, = > (@] (Or,11 — 61))? < Cs0\/T;
Te t=1
Te
16 = Ballyy = \| ST (0 = 02))2 < AT,
t=1
Therefore,
. o 2 . * 2
o2 [0l =i 10 el

< (Cs0+ Amax)\/i HaTe“ B 0*‘ 1%
Ty

< (Cs.0 + Amax)VTe8(Ty, £2). (by &1,0)

We use the above lemma to bound the term that relates p; to p;.
Lemma C.12 (p, to p;). Under E30NEyyp for Ty > Ty,

Ty iy 2
1 2 1 ~ 2073 gTO(é)
—E Fo~ H9—6‘ 5 ——E Fop H9—9 —_
Té e O~py |: t A(>\t)j| Té e O~py |: t

2
~ <
A(/\t)] - Té

39



Proof. Note that p, = p; under &4 4,

1 & ~
T (Fgwpt[He-a
t=1

2
A(?\t)]>

2 ~
—FN~‘M—0
A(S\t):| O~pe { t

S F o_al F 03
T pot ( freme [H o ‘A(S\t):| oo {H o ‘A(I\,,)])
T,

1 ~ 112 112
_— <E“““9_&H ~}—F%@U9—9w ~]>
Tr 0 A) AQw)

To(£)
1 ~ 112 2
- Fp. ]p—o‘ ) —FN~‘p—e‘ ).
72§;<9pt[ tAWJ 9“{ lac

Since for any 6 € ©, under & ¢,
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~ 2
0— 0,

< max HG — 0,
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C.6 Guarantees on sampling and learning the estimate

In this section we provide some general guarantees on sampling together with a threshold after which
each arm gets enough samples and . Consider a setting where at each time we receive a distribution
A= (1 =)\ + 7P for a fixed distribution P.

Lemma C.13. Fix a distribution P on X with full support. On an event that is true with probability
greater than 1 — 6, for any 0 < o < 1/2 there exists a Th := Ty (o, 8, T) such that for any t > T1,

c

v, > A(P)tt e,

11—«

Proof. Fixx € X,let Ny, = °._, Z, where Z, = 1if oy = zelse 0. Then, V, =3 0| Zoax"
We assume that v; = 1/s%, s > 1.
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Note that P(Zs = 1|Fs—1) = (1 — vs)As,x + Vs Pr. So for t > 1,

t t
P(ZZS SCPIZ’YS> =P ZZS_(I_'YS))\SJ_’YSPQJ S

s=1 s=1

]~

CPI’)/S - (1 - '73))\3@ - ’Yst>

H

w
I

—

I
=
Mﬁ
N
|
=
|
B
5
&
|
2
X
IN
Mﬁ

(C - 1)P:L"75 - (1 - 73)>\5,w>

1 s

S P (ZZS - (1 _’75))‘5,:1: _'Vst S

1

M=~

(C - 1)Px'75>

1

V)
|
—
V)
Il

t
<P ZZS - (1 - ’ys))\s,x - IYSPfﬂ < - Z(]‘ - C)Pm75>
s=1 s=1

. 2
1
< exp 3 (Z(l - c)Pxfys> (Azuma-Hoeffding)
s=1
2
( ((1 — )P, >
=exp | — > v
t s=1
(1—c)P, t1=> — 1\ 1o
<exp<—< NG 1~ o (22215%24t1—a1)
f1/2—a _ 4=1/2\?

< —((1=¢)P,
< exp (( c) T o >

2
< exp (_ <(2]-(1_ C)P)mt1/2a> > (t1/27a _ t71/2 > %t1/2704’ t> 2)

-«

This implies that with the sequence vs = 1/5% a < 1/2 (to ensure 1 — 2« > 0), with probability
greater than 1 — § we have

(1-¢)P,

2
i ¢ 1-2a
P 2(1 — log(1/6
Ni. = E Zs > cPy E Vs = 1C_a(t17a —1) whenever > < (1 - a)y/log(1/ )> .

s=1 s=1
O

The lemma below states that there exists some time T such that all the arms get enough
samples.

4
Lemma C.14. For T5(¢) = max,ecx <6w) , we have

NG

P (&) >1—1/02.
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Proof. By Lemma With a choiceof c=1—a, a = i, 6= W, and P = \“, we have for
4
any t > (2(1 a)4/log(1/6) ) (6\/10g(XTM?)) , we have P(V; > t3/4A()\G)) >1

1
1—o)P, \C ~ e Let

x

4
To(¢) := maxgex <6”10g§\|§m€2)> , union bounding for t € [Tz, Ty] and z € X gives the result. O

Lemma C.15. Under &, N &y, for any t > To(f) + 1, we have for any x € X,

(2.00-0") < 345(75 ).

Proof. Let N, be the number of times arm z gets pulled at round ¢. By Lemma for
t > T5(¢) + 1, under &3 ¢, we have

Vici =Y Niojgax’ > t3/4ANY).
zeX

Therefore, for any x € X,

2 2
lzllv-y < 57z lelfage) -+ < 57

by Kiefer-Wolfowitz. Therefore, under &; ¢, for any x € X,

<:17 9t_9><||x||2'vfll g, — 0"
= t—1
d |5 |
<gmlo-o,,

2
< mﬁ(@g )-

The following lemma provides a guarantee that we eventually finds z,.

dB(Ty, ) max.ez 2], \ /3
Lemma C.16. For Ty({) = max ( R 1) ; To(€) +1 ¢, we have P(E4,0|E1,6NE3 4) >
1-1/¢2.
Proof. By Lemma [C.15] we know that for any ¢t > T5(¢) + 1, under & ¢ N E;3 ¢ we have for any = € X,

~ N d
(2.0,—07) < Z2B(1,0%).
Since the span of Z is in the subset of X, for any 2 € Z, we write 2z, — 2 = ) .y a. ,v. Then

(2= 2) (0. — ) = > azpx’ (0, — )

rzeX

d 2
S ji:‘)%x%§716(t£ )

zeX

d 2
< ma 2l 3577 Bt ).
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2) max 4/3
Then, for any ¢ > (dﬁ(t’é ) ma zez\IZ\ll) , we have

min

max 1l 73 8t ) < A
which implies that for any z,
(2 — 2) (0. = 01) < Amin
=(z. —2) (0 — 0,) > —Amin
(2, — 2) 6, >0,

which implies that z; = z,. O

D Bounds and Events that Hold True Each Round

The following lemma states an anytime confidence bound for the least-squares estimator. It is a
restatement of Theorem 20.5 of [I8] in our setting.

Lemma D.1 (€, ). With probability 1 — 1/¢%, for all t, we have

—~ 2
0, — 0"

<B+ \/210g(€2) + dlog <

d+tL?
Vica d ’
Proof. Follows from Theorem 20.5 of [1§]. O
Lemma D.2 (& ). Under & 4, we have for any x € X and any t € [1,T}], <x,§t> < Apax +
L2B(Ty, 0?).
Proof. For any x € X,

<x,§t> = (x,0") + <x,§t — 9*>

2

< A + |23, (16 = 67
- t—1
< Apax + Hx”%,tjl B(t,02). (under & )
Since we have 1
Vier =Vo+ ) wax],
s=1

for Vy = I, we have the minimum eigenvalue omin(Vi—1) = 0min (Vo) + Omin (22;11 xsx;r> > 1, s0

1
Umax V:l = 7 S 17
( ¢ 1) O—min(‘/t—l)

which implies that 9
2 —1 2
max H”T”Vf_ll < omax(Vi_1) max ]l < L7
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Therefore,
(2,00) < Dax + L2B( ) < Aumax + L2B(T1, 12).

E Technical Lemmas

Lemma E.1 (Recursive Least Squares Guarantee). In any round £, conditional on event €1 ¢ N &,
for any 6 € © and any t € [1,T;] we have
p-s

2 2 N
v H9 -6, ” < 2C30(ys — a) 0;) < 2C54(Cy 0+ 1),

assuming that all rewards are bounded in [—1,1].

Proof. We first consider some round ¢ and some 6. Note that 6, = V, ' X,"Y;. Then

575+1 = (Vier + @ )N (X, Yoy + )

-1 Ty/—1

V! ViZizew, Vi
t—1 Ty —1

14z, V. ¢

) (XtT—1Yt—1 + x4Y)

e SR b
L4x, Vi ooy L2, Vo2
_ 4 Vw0 Vw4 el Vit — o] VeV o
L+ Viiz, 1+ Vi)
—d - Vil 6, Vi@
Lol Ve (L4 Viiim)
- Vo wi(ye — 2] 0)
Lo/ Vi
Hence -
§t+1 —at = ﬁ(yt —xtTat)
and

VtVtillxt
Lo Vs
(I + 2V, )

Y
= —x, 0
1“!‘1':‘/;1113715 (yt t t)
(1 + 2] Vi) T4
- Ty,—1 (yt — &y et)
Lty Vi

Vi(Or41 —0;) = (ye — x/ 0;)

= (ys — x:é\t)xt
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Then
2

(Ceorey y

= (011 — 00) "Vi(Brs1 + 0; — 20)
= (o — 27 00)x] (41 + 0, — 26)
< 2C50(ye — z{ 0y)
<2C034(Cre+1)

o lle-a

assuming all rewards are bounded by 1. O

Lemma E.2. For any open set O C O, we have

To (1 2 . Ty . . 2
Lo (<5 (107 =01, ) o= s (<5 " o1y, )

Proof. The following argument is inspired by an analogous one in Lemma 11 of [26]. Let ¢, :=
Js exp (—% 16 — 9||?4(5T£)) do and W, (0) = 110* — 0], - Also, let 6, € closure(6) be a
point that attains the infimum, i.e.

T o2
Op := arg 912% 16 9||A(ET£) .

Such a point must exist by the continuity of Wy, (#) and closure(©) being compact. Then, we first

observe that
2
vall,,)
A(er,)

Ty s 2 A 1y
/éexp (—2 |lo* — 9||A(ET£)> df < Vol(©) exp (—2 ’

S0
1 -
lim sup T log(te) + Wr, (6,) < 0.

£— 00 4

Second, we fix some arbitrary € > 0. Note that for any 6,6’ € ©,

1 * *
(W, (0) = W, (0)] = 5 (10" = 03y — 10" = 0 laiery))
1
=3 (20" —60—0")" A(er,) (0 — 0))
1 &

=57 (20" —0—0') 2z (0—0))
L
< Apaxmaxz ' (6 —6")
rzeEX
< Amax glea? ||£L‘H2 ||9 - 0/||2
S LAmax ||9 - 0/H2 .
Then, there exists § > 0 such that

10— 0|1, < &= W, (6) — W, (8)] <.
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Then, we take a d-cover of © with ||-||,, and intersect them with O, and denote the resulting cover
as O. Then, 0, € O for some O € O. Since we know that Vol(O) > 0 for any O € O, we have

Le > /Oexp (=TyWr,(0))dd > Vol(O) exp (—Tg (VVT,Z (é@) — e)) .

Taking logarithm on both sides implies that

Vol(O)

— e —e
1

1 -
= log (1) + W, (0,) =
T
Since we choose € > 0 arbitrarily, we have

e 1 5
lim inf T log (v¢) + Wr, (05) > 0.

{—00

Therefore, limy_, o T% log (te) + Wr, (ég) = 0 and the statement follows. O

F Supplementary plots

In this section, we present more supplementary plots. We run each instance for 500 repetitions and
compare the following algorithms: Thompson sampling, PEPS, LinGame [7], LinGapE [33], and the
fixed weights strategy where arms are pulled from the optimal allocation A* obtained from 7*. We
plot identification rates and arm pull probabilities for the above algorithms. Figure [2] presents the
identification rates for different algorithms respectively. Table [3| presents the number of samples
needed to reach a 1 — § idenfication rate for various J values.

0.8
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identification rate
identification rate

—— LnTS
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Oracle
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time time time

Figure 2: Best-arm identification rate for PEPS, LinGame [7], LinGapE [33], Thompson sampling,
and fixed weight strategy under three instances: Soare instance with w = 0.1, sphere instance with
d = 6 and |X| = 20, and Top-k instance with d = 12 and k& = 3, with 500 repetitions for each
instance. Confidence intervals with plus or minus two standard errors are shown.
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Soare’s instance [29] Sphere TopK

4] 0.1 0.05 0.01 0.1 | 0.05 | 0.01 | 0.2 0.1 0.05

PEPS 1027 1606 3284 294 | 476 | 794 | 8618 18193 26118

LinGame | 828 1500 2688 186 | 282 | 638 | 8450 | >30000 | >30000

LinGapE | 708 1141 2281 316 | 433 690 | 5977 17352 >30000

Oracle 766 1232 2576 243 | 328 | 473 | 16196 | >30000 | >30000

TS ~5000 | >5000 | ~5000 | 431 | 1046 | 2176 | N/A | N/A | N/A

Table 3: The number of samples needed for Py, (Z¢ = z.) > 1 — ¢ for various algorithms
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