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Sub-Optimality of TS for BAI

9

x1

x3

x2

A hard instance (Soare et al. 2014)
xi = ei for i = 1, . . . , d

xd+1 = cos(✏)e1 + sin(✏)e2

θ⋆ = x1



Sub-Optimality of TS for BAI

9

x1

x3

x2

A hard instance (Soare et al. 2014)
xi = ei for i = 1, . . . , d

xd+1 = cos(✏)e1 + sin(✏)e2

θ⋆ = x1



Sub-Optimality of TS for BAI

9

x1

x3

x2

A hard instance (Soare et al. 2014)
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Figure: Identification rate for TS 
and Top-Two TS [Russo, 2016]
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Need to learn the 
difference!

Solution: Sample 
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  1                                 2                                 3

However, Thompson sampling tends to pull 
arms with high rewards!
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Like Thompson sampling, we maintain a distribution  over p θ ∈ Θ

1. compute the leader ̂zt = arg max
z∈𝖹

z⊤ ̂θt

2. sample a challenger  whose best arm is not θt ∼ pt ̂zt

3. sample “the most informative arm” , observe  xt ∼ λt yt

4. update ,  and ̂θt+1 λt+1 pt+1

For t = 1,2,⋯

Need to design  and  carefully!λ p

Replaces searching over |Z| with sampling  computationally efficient→
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Input: , , T, 𝖷 𝖹 η
for  t = 1,2,⋯, T

1. Compute  ̂zt = arg max
z∈𝖹

z⊤ ̂θt

2. Sample  whose best arm is not , θt ∼ pt ̂zt xt ∼ λt
 
3. Observe , update yt = x⊤

t θ⋆ + ϵt
̂θt+1

4. Update       λt+1,x ← λt,xeη(x⊤(θt− ̂θt))2

5. Update  pt+1 = N( ̂θt+1, (
t

∑
s=1

xsx⊤
s )−1)

Return   ̂z = arg max
z∈𝖹

z⊤θ, θ ∼ pT

pull arm  that maximizes the 
difference

x
|x⊤(θt − ̂θt) |

Posterior Update

Final Recommendation

13

pulling !x2



Theoretical Guarantees: Asymptotic Optimality

14



Theoretical Guarantees: Asymptotic Optimality
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Theorem (Li, Jamieson, Jain). For some  consider a procedure that draws  
and observes  and computes  where  is the OLS estimate. 

Denote , then for any  

λ ∈ Δ𝖷 x1, ⋯, xT ∼ λ
yt = ⟨xt, θ⋆⟩ + ϵt ̂z T = arg max

z∈𝖹
⟨z, ̂θ T⟩ ̂θT

Θc
z⋆

= {θ : z⋆ ≠ arg max
z∈𝖹

z⊤θ} λ ∈ Δ𝖷

lim sup
T→∞

−
1
T

log ℙθ⋆,xt∼λ( ̂zt ≠ z⋆) ≤ τ⋆

τ⋆ = max
λ∈Δ𝖷

min
θ∈Θc

z⋆

∥θ⋆ − θ∥2
A(λ) worst-case KL divergence
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Theorem (Li, Jamieson, Jain). For some  consider a procedure that draws  
and observes  and computes  where  is the OLS estimate. 

Denote , then for any  

λ ∈ Δ𝖷 x1, ⋯, xT ∼ λ
yt = ⟨xt, θ⋆⟩ + ϵt ̂z T = arg max

z∈𝖹
⟨z, ̂θ T⟩ ̂θT

Θc
z⋆

= {θ : z⋆ ≠ arg max
z∈𝖹

z⊤θ} λ ∈ Δ𝖷

lim sup
T→∞

−
1
T

log ℙθ⋆,xt∼λ( ̂zt ≠ z⋆) ≤ τ⋆

τ⋆ = max
λ∈Δ𝖷

min
θ∈Θc

z⋆

∥θ⋆ − θ∥2
A(λ) worst-case KL divergence

Theorem (Li, Jamieson, Jain)  Set , and assume  is bounded. Then with 
probability 1 

η = O(1/ T) Θ

lim
T→∞

−
1
T

log ℙθ∼pT
( ̂zT ≠ z⋆) = τ⋆



Experiments: Soare Instance
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x1

x2

xi = ei for i = 1, . . . , d

xd+1 = cos(✏)e1 + sin(✏)e2

x3

<latexit sha1_base64="tFslOIVhpSe6n0Uvxu2DOCnjtLc=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBZBPJREFD0WvPRYwX5AG8pmO2mXbjZxdyKU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzaHJYxnrTsAMSKGgiQIldBINLAoktIPx3cxvP4E2IlYPOEnAj9hQiVBwhlbq9HAEyPoX/XLFrbpz0FXi5aRCcjT65a/eIOZpBAq5ZMZ0PTdBP2MaBZcwLfVSAwnjYzaErqWKRWD8bH7vlJ5ZZUDDWNtSSOfq74mMRcZMosB2RgxHZtmbif953RTDWz8TKkkRFF8sClNJMaaz5+lAaOAoJ5YwroW9lfIR04yjjahkQ/CWX14lrcuqd111768qtXoeR5GckFNyTjxyQ2qkThqkSTiR5Jm8kjfn0Xlx3p2PRWvByWeOyR84nz/F64/P</latexit>

✓⇤

Hard instance (Soare et al 2014)



Experiments: Top-K
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𝖷 = {ei}12
i=1 ⊂ ℝ12

𝖹 = {ei1 + ei2 + ei3 : i1, i2, i3 ∈ ([12]
3 )} ⊂ ℝ12

θ = [1,.95,.90,⋯,1 − .05i, ⋯]

Goal: identify Top-K arms in X

 identifying Top-3 arms in X is equivalent 
to identifying the top-one in Z!
⇒



Collaborators
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Kevin Jamieson Lalit Jain 

Thanks!



Saddle Point problems

τ⋆ = max
λ∈Δ𝖷

min
θ∈Θc

z⋆

∥θ⋆−θ∥2
A(λ) =: max

λ∈Δ𝖷

min
θ∈Θc

z⋆

f(λ, θ)  convex-concave⇒

Two-player, zero-sum convex-concave game

In each round  
• max-learner plays  

• min-learner plays  

t = 1,2,⋯
λt
θt



Two player games

1. Min-Player:  

2. Max-Player: Update  

θt = arg min
θ∈Θc

z⋆

∥θ⋆ − θ∥2
A(λt)

λt+1,x ∝ λt,xeη∥θ⋆−θt∥2
xx⊤

For t = 1,2,3,⋯

Combining the two above together gives 
τ⋆ − min

θ∈Θc
z⋆

∥θ − θ⋆∥2
A( 1

T ∑T
t=1 λt)

≤ o(1)

 is an approximate saddle pointλ̄T =
1
T

T

∑
t=1

λt

Exponential Weights + Best Response

∥θ⋆ − θt∥2
A(λt) = min

θ∈Θc
z⋆

∥θ⋆−θ∥2
A(λt)

1
T

T

∑
t=1

∥θ⋆ − θt∥2
A(λt) ≈ max

λ∈△𝖷

1
T

T

∑
t=1

∥θ⋆ − θt∥2
A(λ)

f(λt, θ)

eη[∇λ f(λ,θt)]x

f(λ, θ) = ∥θ⋆−θ∥2
A(λ)Recall



Computing the Best Response

20

θt = arg min
θ∈Θc

z⋆

∥θ⋆ − θ∥2
A(λt)

= arg min
z≠z⋆,z∈𝖹

arg min
θ∈Θz

∥θ⋆ − θ∥2
A(λt) projection onto Θz

search over 𝖹

Question: can we achieve this? 

Let Θz = {θ : z = arg max
z∈𝖹

z⊤θ}

hard to compute when  is large!𝖹

However, Thompson sampling does not need projections!



Revisiting the Lower Bound
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= min
p∈Δ(Θc

z⋆)
max
λ∈Δ𝖷

𝔼θ∼p[∥θ⋆ − θ∥2
A(λ)]

= max
λ∈Δ𝖷

min
p∈Δ(Θc

z⋆)
𝔼θ∼p[∥θ⋆ − θ∥2

A(λ)]

Replace projection with a 
distribution over alternatives

τ⋆ = max
λ∈Δ𝖷

min
θ∈Θc

z⋆

∥θ⋆ − θ∥2
A(λ) Challenge: Computing the Min

Idea: Two player zero-sum game 
1. Max-player: Exponential Weights on  
2. Min-player: Posterior Updates on 

λ ∈ ΔX
p ∈ Δ(Θc

z⋆
)



Input: , , T,  
for   

1. Compute  

2. Sample   
 
3. Observe , update  

4. Update max-player       

5. Update min-player      

𝖷 𝖹 η
t = 1,2,⋯, T

zt = arg max
z∈𝖹

z⊤ ̂θt

θt ∼ pt, xt ∼ λt

yt = x⊤
t θ⋆ + ϵt

̂θt+1

λt+1,x ← λt,xe−η∥θt− ̂θt∥2
xx⊤

pt+1,θ ∝ pt,θe
−η∥θ− ̂θt∥2

xtx⊤t

Stochastic Gradient

Our Algorithm

Distribution over alternatives!



Exponential Weights as Posterior Sampling
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pt+1,θ ∝ pt,θe
−∥θ− ̂θt∥2

xtx⊤t

∝ e−∑t
s=1 ∥θ− ̂θs∥2

xsx⊤s

∝ N( ̂θt, (∑t
s=1 xsx⊤

s )−1)
(restricted to )Θc

̂zt

Sampling from  can be (approximately) done 
using rejection sampling from a Gaussian! 

Don’t need to maintain 

pt

pt,θ, θ ∈ Θc
̂zt

if  is not changing much between roundŝθs
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xi = ei for i = 1, . . . , d

xd+1 = cos(✏)e1 + sin(✏)e2

x1

x3

x2

̂θ

Sub-Optimality of TS for BAI
θ⋆ = x1

θ⋆ ∈ 𝖲 = {θ : ∥ ̂θt − θ∥2
Vt

≤ O( d log(t/δ))}
confidence set for θ*

Posterior

Let , then Vt =
t

∑
s=1

xsx⊤
s Πt = N ( ̂θt, V−1

t )
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xi = ei for i = 1, . . . , d

xd+1 = cos(✏)e1 + sin(✏)e2

x1

x3

x2

̂θ

Sub-Optimality of TS for BAI
θ⋆ = x1

Θx1
= {θ : x1 = arg max

x∈𝖷
x⊤θ}

Θx3

Θx2

• If , returns  as the best arm

• Key: distinguish between  and !

𝖲 ⊂ Θx1
x1

x1 x3
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xi = ei for i = 1, . . . , d

xd+1 = cos(✏)e1 + sin(✏)e2

x1

x3

x2

Sub-Optimality of TS for BAI
θ⋆ = x1

Θx1
= {θ : x1 = arg max

x∈𝖷
x⊤θ}

Θx3

Θx2

Need to learn in 
vertical direction!

Solution: Sample x2

̂θ

• However, Thompson sampling tends 
to pull arm  or  much more than x1 x3 x2

  1                                 2                                 3



x1

x3

x2

xi = ei for i = 1, . . . , d

xd+1 = cos(✏)e1 + sin(✏)e2

Planning Problem: What is the best 
sampling distribution to quickly shrink 
the posterior into the correct region?

θ⋆ = x1

Lower Bound: Oracle Strategy



x1

x3

x2

Lower Bound: Oracle Strategy

θ⋆

θ′ 

Want to reject the possibility that  is the true 
parameter 

θ′ 

max
X

∥θ⋆−θ′ ∥2
Vt

Design samples X = [x1, ⋯, xt]

KL Divergence

 distinguish between  and ⇒ N(θ′ , V−1
t ) N(θ⋆, V−1

t )



x1

x3

x2

Lower Bound: Oracle Strategy

θ⋆

θ′ ′ 

θ⋆ ∈ {θ : ∥ ̂θ − θ∥2
Vt

≤ O( d log(t/δ))}

Θc
x1

= {θ : x1 ≠ arg max
x∈𝖷

x⊤θ}

max
X

min
θ∈Θc

x1

∥θ⋆ − θ∥2
Vt

Choose samples X = [x1, ⋯, xt]

Θx1
= {θ : x1 = arg max

x∈𝖷
x⊤θ}

τ* = max
λ∈Δ𝖷

min
θ∈Θc

x1

∥θ⋆ − θ∥2
A(λ)

 The sampling distribution  should 
be the (argmax) solution to
⇒ λ ∈ △𝖷

Where A(λ) = ∑x∈𝖷 λxxx⊤



 𝖷 ⊂ B6, |𝖷 | = 20
θ* = x + .01(x′ − x)

Experiments: Sphere Instance

30


